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The problem of routing: efficient forwarding
of a message from a source to a target
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The problem of routing: efficient forwarding

of a message from a source to a target

message

routing
— 2

Diffusion is not an efficient way to perform
navigation.
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A map of the system reveals underlying geometry
and provides notion of distance and direction

geometry
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Underlying geometry allows efficient routing in
networks with only local knowledge.
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In reality networks form interacting entities
in larger and more complex systems

interacting multiplex
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In reality networks form interacting entities
in larger and more complex systems

Do more interacting network layers improve the
performance of routing?



Geometric
correlations
in real multiplex
networks
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The map: real complex networks obey hyperbolic
geometry rather than Euclidean
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Image taken from Nature Communications 1, 62 (2010)
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Nodes optimize the product of

popularity and similarity

Popularity: Birthtimet =1,2,3, ...
Similarity: Position on a circle given by angular coordinate

Growing network: New node ¢ is placed randomly on the circle
and connects to m existing nodes s that minimize the product of
popularity times similarity

s X Agst

Nature 489, 537-540 (2012)



Motivation Geometric correlations Mutual greedy routing Internet multiplex Summary & outlook

Nodes optimize the product of

popularity and similarity




Motivation Geometric correlations Mutual greedy routing Internet multiplex Summary & outlook

Nodes optimize the product of

popularity and similarity




Motivation Geometric correlations Mutual greedy routing Internet multiplex Summary & outlook

Nodes optimize the product of

popularity and similarity




Motivation Geometric correlations Mutual greedy routing Internet multiplex Summary & outlook

Nodes optimize the product of

popularity and similarity




Motivation Geometric correlations Mutual greedy routing Internet multiplex Summary & outlook

Nodes optimize the product of

popularity and similarity




Motivation Geometric correlations Mutual greedy routing Internet multiplex Summary & outlook

Nodes optimize the product of
popularity and similarity




Motivation Geometric correlations Mutual greedy routing Internet multiplex Summary & outlook

Nodes optimize the product of
popularity and similarity

2 X A9273 <1x AeLg



Motivation Geometric correlations Mutual greedy routing Internet multiplex Summary & outlook

Nodes optimize the product of
popularity and similarity

2 X A9273 <1x AeLg



Motivation Geometric correlations Mutual greedy routing Internet multiplex Summary & outlook

Nodes optimize the product of
popularity and similarity

2 X A9273 <1x AeLg



Motivation Geometric correlations Mutual greedy routing Internet multiplex Summary & outlook

Nodes optimize the product of
popularity and similarity

2 X A9273 <1x AeLg



Motivation Geometric correlations Mutual greedy routing Internet multiplex Summary & outlook

Nodes optimize the product of
popularity and similarity

2 X A9273 <1x AeLg 2 X A9273 > 1 X A9173



Motivation Geometric correlations Mutual greedy routing Internet multiplex Summary & outlook

Nodes optimize the product of
popularity and similarity

2 X A9273 <1x AeLg 2 X A9273 > 1 X A9173



Motivation Geometric correlations Mutual greedy routing Internet multiplex Summary & outlook

Popularity and similarity optimization

leads to hyperbolic geometry

Radial coordinate: r; = Int
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Popularity and similarity optimization

leads to hyperbolic geometry

Radial coordinate: r; = Int

New node t connects tom
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Popularity and similarity optimization

leads to hyperbolic geometry

Radial coordinate: r; = Int

New node t connects tom
existing nodes s that minimize
SAGSt

St Agst 1

In st —Agst

Al
=7rs+r:+1n 5 Sy

hyperbolic distance

Generalization: Nodes i and j are connected with probability

1

p(zij) = R T : Temperature

10
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Real complex networks can be embedded

in hyperbolic space

Idea: Invert hyperbolic network model

Maximum likelihood: Find node coordinates that maximize
probability to reproduce the observed topology with the model

Details: PRE 92, 022807 (2015)

11
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Constituent network layers of real multiplex systems

are embedded into separate hyperbolic spaces

:i—)))

Internet
IPv4 and IPv6
protocol
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Constituent network layers of real multiplex systems

are embedded into separate hyperbolic spaces

AR e

:i—)))

Internet Air and train Drosophila
IPv4 and IPv6 transportation in protein interaction
protocol India network
QYD
C. Elegans Human brain
multi synapse structural and

neuronal network functional network
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Constituent network layers of real multiplex systems

are embedded into separate hyperbolic spaces

AR e

:i—)))

Internet Air and train Drosophila
IPv4 and IPv6 transportation in protein interaction
protocol India network
N\ | /
== Y
C. Elegans Human brain arXiv
multi synapse structural and co-authorship in

neuronal network functional network  different categories

12
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Constituent network layers of real multiplex systems

are embedded into separate hyperbolic spaces

Internet IPv4 network Internet IPv6 network
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Constituent network layers of real multiplex systems

are embedded into separate hyperbolic spaces

Internet IPv4 network Internet IPv6 network

Are coordinates of same nodes in different layers
correlated?

12
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Radial coordinates are strongly correlated
between different layers

2 4 6 8 1012 14 16 18
51
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Radial coordinates are strongly correlated
between different layers

2 4 6 8 1012 14 16 18
51

Radial correlations are equivalent to degree degree
correlations found in many studies.

13
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Node clusters similar in both layers are overabundant
in real compared systems to reshuffled counterparts

Real system
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Node clusters similar in both layers are overabundant

in real compared systems to reshuffled counterparts

Real system Reshuffled

Angular correlations exist and give rise to
multidimensional communities.

14



Motivation Geometric correlations Mutual greedy routing Internet multiplex Summary & outlook

Generalized communities in the Internet

belong to certain geographic regions

Concentration of AS

Europe
North America
1 South America

15
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Distance between pairs of nodes in one layer is

an indicator of the connection probability in another layer
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Distance between pairs of nodes in one layer is

an indicator of the connection probability in another layer
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Distance between pairs of nodes in one layer is

an indicator of the connection probability in another layer
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Hyperbolic distance in IPv4

Geometric correlations enable precise trans-layer
link prediction.
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Geometric correlations exist in real multiplex systems

and generalize community detection and link prediction

P

Metric correlations
exist in real
multiplex systems
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Geometric correlations exist in real multiplex systems

and generalize community detection and link prediction

e 1] &
Metric correlations Metric correlations Metric correlations
existin real define allow trans-layer

multiplex systems multidimensional link prediction
communities
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Greedy routing in single network using hyperbolic space

allows efficient navigation relying only on local knowledge

R>d;; = cosh™! [cosh r; coshrj — sinh 7 sinh r; cos Ad;5]
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Greedy routing in single network using hyperbolic space

allows efficient navigation relying only on local knowledge

R>d;; = cosh™! [cosh r; coshrj — sinh 7 sinh r; cos Ad;5]
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Mutual greedy routing uses multiple layers simultaneously:
dependence on geometric correlations and number of layers?
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Mutual greedy routing uses multiple layers simultaneously:

dependence on geometric correlations and number of layers?

= L
VRN
Hyperbolic routing Angular routing
forwarding to the neighbor with  forwarding to the neighbor with

shortest hyperbolic distance to shortest angular distance to
target in any of the layers target in any of the layers
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Mutual greedy routing uses multiple layers simultaneously:

dependence on geometric correlations and number of layers?

= L
VRN
Hyperbolic routing Angular routing
forwarding to the neighbor with  forwarding to the neighbor with

shortest hyperbolic distance to shortest angular distance to
target in any of the layers target in any of the layers

Need for model to vary correlations independently
from layer topology to study impact of correlations.

22
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Correlated metric multiplex model allows to tune

geometric correlations independently from layer topologies

W
VRN
Constituent layer

topologies according to
hyperbolic model
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Correlated metric multiplex model allows to tune
geometric correlations independently from layer topologies

Constituent layer Geometric correlations
topologies according to tuned independently from
hyperbolic model constituent layer topologies
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Correlated metric multiplex model allows to tune

geometric correlations independently from layer topologies

A | &l

& el
Constituent layer Geometric correlations

topologies according to tuned independently from
hyperbolic model constituent layer topologies
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Radial correlations Angular correlations
Gumbel-Hougaard copula truncated Gaussian distribution

controlled by v € [0, 1] controlled by g € [0, 1]
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Correlations improve performance mutual greedy routing

using angular or hyperbolic distances
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Geometric correlations determine the improvement of

mutual greedy routing by increasing the number of layers

2 layers

T T
® Blue: angular
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o
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Geometric correlations determine the improvement of

mutual greedy routing by increasing the number of layers

2 layers 3 layers 4 layers
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Constant failure mitigation factor as inverse of the
slope for optimal and uncorrelated case.
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Geometric correlations determine the improvement of

mutual greedy routing by increasing the number of layers

Mitigation factor
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Geometric correlations determine the improvement of

mutual greedy routing by increasing the number of layers

Mitigation factor
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Layers

Additional layers make system perfectly navigable if
correlations are present, but otherwise are useless.
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Metric correlations increase the performance

of mutual greedy routing

O,

Geometric
correlations
improve mutual
greedy routing
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Metric correlations increase the performance

of mutual greedy routing

© O

Geometric Uncorrelated
correlations layers
improve mutual do not improve

greedy routing mutual navigability
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Metric correlations increase the performance

of mutual greedy routing

© O @

Geometric Uncorrelated Optimal
correlations layers correlations
improve mutual do not improve make system

greedy routing mutual navigability — perfectly navigable
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Constituent layers of the Internet multiplex
have significantly different sizes

Copyright © 2015 UC Regents. All rights reserved.

N = 40000 N = 5000
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Constituent layers of the Internet multiplex
have significantly different sizes

Copyright © 2015 UC Regents. All rights reserved.

N = 40000 N = 5000

Are all nodes of the whole system equally likely to
exist in both layers?

28
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Nodes with high degree in IPv4 are more likely

to be present in the IPv6 network as well
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Nodes with high degree in IPv4 are more likely

to be present in the IPv6 network as well
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We select nodes from the IPv4 layer that also exist in
IPv6 with degree dependent probability.
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Internet multiplex model allows to study the performance
of mutual greedy routing for arbitrary correlations

e Node only in IPv4 e Node in IPv4 and IPv6
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Internet multiplex model allows to study the performance
of mutual greedy routing for arbitrary correlations

e Node only in IPv4 e Node in IPv4 and IPv6

Can we quantify the correlations in the real Internet
multiplex?

30



Motivation Geometric correlations Mutual greedy routing Internet multiplex Summary & outlook

We can quantify the radial and angular correlations

present in the real IPv4 IPv6 Internet multiplex

'S,
o )
Wy
'K
Radial correlations

Person correlations coefficient
between radial coordinates
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present in the real IPv4 IPv6 Internet multiplex
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between radial coordinates
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We can quantify the radial and angular correlations

present in the real IPv4 IPv6 Internet multiplex
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Radial correlations Angular correlations
Person correlations coefficient ~ Match overlap from empirical
between radial coordinates and synthetic coordinates
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We can quantify the radial and angular correlations

present in the real IPv4 IPv6 Internet multiplex

'S,

2 2
oWy
Nyt

Radial correlations Angular correlations
Person correlations coefficient ~ Match overlap from empirical
between radial coordinates and synthetic coordinates

Do the correlations present in the real Internet help
navigation?

31
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Existing correlations in the real Internet multiplex increase

performance of mutual greedy routing significantly
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Geometric correlations in real Internet multiplex

can be measured and favor mutual greedy routing

High degree
nodes tend to exist
in both layers
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Geometric correlations in real Internet multiplex

can be measured and favor mutual greedy routing

g 74

High degree Quantification
nodes tend to exist ~ of empirical metric
in both layers correlations
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Geometric correlations in real Internet multiplex

can be measured and favor mutual greedy routing

74 ®

High degree Quantification Correlations
nodes tend to exist  of empirical metric in real Internet
in both layers correlations favor navigation

33
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Geometric correlations in real multiplex networks yield

a powerful framework for understanding these systems

5

Geometric correlations
exist in real multiplex systems and...
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a powerful framework for understanding these systems
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Geometric correlations
exist in real multiplex systems and...
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Geometric correlations in real multiplex networks yield

a powerful framework for understanding these systems

5

Geometric correlations
exist in real multiplex systems and...
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...identify ...enable ...are essential

multidimensional trans-layer link to improve mutual
communities prediction navigability
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Our findings can have important applications

in diverse domains

multidimensional
communities
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